We prove that the moduli space of n-pointed polarized holomorphic symplectic varieties of Beauville-Donagi type (resp. Debarre-Voisin, Lehn-Lehn-Sorger-van Straten) is unirational when n ≤ 13 (resp. n ≤ 5, n ≤ 5), while it has nonnegative Kodaira dimension when n ≥ 14 (resp. n ≥ 6, n ≥ 7). Similar results in the direction of κ ≥ 0 are also obtained in the cases of Iliev-Ranestad and Iliev-Kapustka-Kapustka-Ranestad. In all cases, and for more general families of lattice-polarized holomorphic symplectic varieties, the Kodaira dimension stabilizes to the moduli number when n is sufficiently large.
Introduction
The discovery of Beauville-Donagi [3] that the Fano variety of lines on a smooth cubic fourfold is a holomorphic symplectic variety deformation equivalent to the Hilbert squares of K3 surfaces of genus 8 was the first example of explicit geometric construction of polarized holomorphic symplectic varieties. Gradually further examples, all deformation equivalent to Hilbert schemes of K3 surfaces, have been found by • Iliev-Ranestad [14] as the varieties of power sums of cubic fourfolds, • O'Grady [26] as the double EPW sextics, • Debarre-Voisin [8] as the zero loci of sections of a vector bundle on G(6, 10), • Lehn-Lehn-Sorger-van Straten [18] using the spaces of twisted cubics on cubic fourfolds, and more recently • Iliev-Kapustka-Kapustka-Ranestad [13] as the double EPW cubes. The moduli spaces M of these polarized symplectic varieties are unirational by construction. However, if we consider the n-fold fiber product F n of the universal family (more or less the moduli space of the varieties with n marked points), its Kodaira dimension κ(F n ) is nondecreasing with respect to n ( [16] ), and bounded by dim M (= 20) ( [12] ). The purpose of this paper is to study the transition of κ(F n ) as n grows, especially from κ = −∞ to κ ≥ 0, except for the case of double EPW sextics. Moreover, we Supported by JSPS KAKENHI 15H05738 and 17K14158. 1 prove that κ(F n ) stabilizes to dim M at large n for more general families of lattice-polarized holomorphic symplectic varieties.
Our main result is summarized as follows. κ > 0 23 13 12 12 20 In all cases, κ(F n ) = 20 when n is sufficiently large. The stabilization κ(F n ) = dim M at large n holds more generally for families of latticepolarized holomorphic symplectic varieties whose period map is dominant and generically finite.
This table means, for example in the Beauville-Donagi (BD) case, that F n , the moduli space of Fano varieties of cubic fourfolds with n marked points (or equivalently cubic fourfolds with n marked lines), is unirational when n ≤ 13, has κ(F n ) ≥ 0 when n ≥ 14, and κ(F n ) > 0 when n ≥ 23. In particular, we find the exact transition point from κ = −∞ to κ ≥ 0 in the Beauville-Donagi and Debarre-Voisin cases, and nearly exact in the Lehn-Lehn-Sorger-van Straten case. It would not be easy to explicitly calculate a bound for κ = 20; in fact we expect that the transition of Kodaira dimension would be sudden, so the actual bound for κ = 20 would be quite near to the (actual) bound for κ ≥ 0. (In this sense, the above bound for κ > 0 should be temporary. ) Markman [23] gave an analytic construction of marked universal families over the (non-Haussdorff, unpolarized) period domains. Here we take more ad hoc quotient construction. The space F n (birationally) parametrizes the isomorphism classes of the n-pointed polarized symplectic varieties except for the case of double EPW cubes, while in that case it is a double cover of the moduli space. Theorem 1.1 in the direction of κ ≥ 0 is proved by using modular forms on the period domain. We construct an injective map (Theorem 3.1)
whereF n is a smooth projective model of F n , Γ is an arithmetic group containing the monodromy group, S k (Γ, det) is the space of Γ-cusp forms of weight k and character det, 2d is the dimension of the symplectic varieties, and b = dim M. For the above five cases, we construct cusp forms explicitly by using quasi-pullback of the Borcherds Φ 12 form ( [4] , [5] ) and its product with modular forms obtained by the Gritsenko lifting ( [9] ). Except for the case of double EPW cubes, the bound for κ ≥ 0 is computed by the quasi-pullback of Φ 12 .
The proof of unirationality is done by geometric argument, but in the Beauville-Donagi and Debarre-Voisin cases, we also resort to the results κ(F BD 14 ) ≥ 0 and κ(F DV 6 ) ≥ 0 when checking nondegeneracy of certain maps. A similar result has been obtained for K3 surfaces of low genus g ( [21] ), where the quasi-pullback Φ K3,g of Φ 12 was crucial too. Moreover, when 3 ≤ g ≤ 10, the weight of Φ K3,g minus 19 coincided with the dimension of a representation space appearing in the projective model of the K3 surfaces. In the present paper we see no such a direct identity, but a "switched" identity between K3 surfaces of genus 2 and cubic fourfolds (Remark 4.4).
This paper is organized as follows. §2 is a recollection of holomorphic symplectic manifolds and modular forms. In §3 we construct the map (1.1) (Theorem 3.1) and prove the last general assertion of Theorem 1.1 (Corollary 3.3). The five cases of Theorem 1.1 are studied in §4 - §8 respectively.
Throughout this paper, a lattice means a free abelian group of finite rank endowed with a nondegenerate integral symmetric bilinear form. A k , D l , E m stand for the negative-definite root lattices of respective types. The even unimodular lattice of signature (1, 1) is denoted by U. No confusion will likely to occur when U is also used for an open set of a variety. The Grassmannian parametrizing r-dimensional linear subspaces of C N is denoted by G(r, N) = G(r − 1, N − 1). We freely use the fact ( [24] ) that if G = PGL N acts on a projective variety X and U is a G-invariant Zariski open set of X contained in the stable locus, then a geometric quotient U/G exists. If no point of U has nontrivial stabilizer, U → U/G is a principal G-bundle in the etale topology. In that case, every G-linearized vector bundle on U descends to a vector bundle on U/G. Similarly, if V is a representation of SL N , a geometric quotient (PV ×U)/G exists as a Brauer-Severi variety over U/G.
Preliminaries
In this section we recall basic facts about holomorphic symplectic manifolds ( §2.1) and orthogonal modular forms ( §2.2).
Holomorphic symplectic manifolds.
A compact Kähler manifold X of dimension 2d is called a holomorphic symplectic manifold if it is simply connected and H 0 (Ω 2 X ) = Cω for a nowhere degenerate 2-form ω.
There exists a non-divisible integral symmetric bilinear form q X of signature (3, b 2 (X) − 3) on H 2 (X, Z), called the Beauville form ([2]), and a con-
In particular, for ω ∈ H 0 (Ω 2 X ), we have q X (ω, ω) = 0 and
for a suitable constant C. A holomorphic symplectic manifold X is said to be of K3 [n] type if it is deformation equivalent to the Hilbert scheme of n points on a K3 surface.
). Let h ∈ L 2t be a primitive vector of norm 2D > 0. The orthogonal complement h ⊥ ∩ L 2t is described as follows ([10] §3). For simplicity we assume (t, D) = 1, which holds in §4 - §7. We have either (h, L 2t ) = Z or 2Z. In the former case, h is called of split type, and h ⊥ ∩ L 2t is isometric to 2U ⊕ 2E 8 ⊕ −2t ⊕ −2D . In the latter case, h is called of non-split type, and
which has determinant tD. In §4 - §7, h will be of non-split type and the determinant tD will be a prime number of class number 1. When it vanishes at the cusps, it is called a cusp form (see, e.g., [11] , [21] for the precise definition.) We write M k (Γ, χ) for the space of such modular forms, and S k (Γ, χ) the subspace of cusp forms. We especially write M k (Γ) = M k (Γ, 1). If Γ ′ ⊳ Γ is a normal subgroup of finite index, the quotient group Γ/Γ ′ acts on M k (Γ ′ , χ) naturally by translating the Γ ′ -invariant sections by elements of Γ. We also remark that when χ = det and k ≡ b mod 2, −id acts trivially on L ⊗k ⊗ det, so that
The Hermitian form (·,·) on L C defines an O + (L R )-invariant Hermitian metric on the line bundle L. This defines a Γ-invariant Hermitian metric on L ⊗k ⊗ χ which we denote by ( , ) k,χ . We especially write ( , ) k = ( , ) k,1 . Let vol be the O + (L R )-invariant volume form on D, which exists and is unique up to constant.
We may assume that H is of codimension 1, and let z = 0 be its local equation around a general point. If Φ has a pole along H, say of order a > 0, a local calculation shows that in a neighborhood of a general point of H, the integral
Let II 2,26 = 2U ⊕ 3E 8 be the even unimodular lattice of signature (2, 26). Borcherds [4] discovered a modular form Φ 12 of weight 12 and character det for O + (II 2,26 ). The quasi-pullback of Φ 12 is defined as follows ( [4] , [5] ). Let L be a sublattice of II 2,26 of signature (2, b) and N = L ⊥ ∩ II 2,26 . Let r(N) be the number of (−2)-vectors in N. Then
where δ runs over all (−2)-vectors in N up to ±1, is a nonzero modular form on D L of weight 12 + r(N)/2 and character det forÕ + (L). Moreover, when r(N) > 0, Φ 12 | L is a cusp form ( [11] ). In later sections, we will embed h ⊥ ∩ L 2t into II 2,26 by embedding the last rank 2 component of (2.2) into E 8 . The following model of E 8 will be used:
Here we take the standard (negative) quadratic form on Q 8 . The (−2)vectors of E 8 are as follows. For j k we define δ ± j,±k = (x i ) by x j = ±1, x k = ±1 and x i = 0 for i j, k. For a subset S of {1, · · · , 8} consisting of even elements, we define δ ′ S = (x i ) by
These are the 240 roots of E 8 .
We will also use the Gritsenko lifting [9] . Assume that L is even and contains 2U. We shall specialize to the case b = 20 for later use. For an odd number k, let M k (ρ L ) be the space of modular forms for SL 2 
The dimension of M k (ρ L ) for k > 2 can be explicitly computed by using the formula in [6] . A similar formula for the O(
is given in [20] .
Cusp forms and canonical forms
Let M be a hyperbolic lattice and L be a lattice of signature (2, b) . We say that a smooth algebraic family π : F → M of holomorphic symplectic manifolds is M-polarized with polarized Beauville lattice L if R 2 π * Z contains a sub local system Λ in its (1, 1)-part whose fiber is isometric to M with the orthogonal complement isometric to L. If a finite-index subgroup Γ of O + (L) contains the monodromy group of Λ ⊥ ∩ R 2 π * Z, we can define the period map
where F x is the fiber of F → M over x ∈ M. By Borel's extension theorem, P is a morphism of algebraic varieties. Our interest will be in the case rk(M) = 1 with ample polarization, but the proof of the following theorem works in the general lattice-polarized setting as well.
. Let F → M be a smooth algebraic family of latticepolarized holomorphic symplectic manifolds of dimension 2d with polarized Beauville lattice L whose monodromy group is contained in Γ. Assume that the period map P : M → Γ\D is dominant and generically finite. If F n = F × M · · · × M F (n times) andF n is a smooth projective model of F n , we have a natural injective map
which makes the following diagram commutative:
Here φ K is the canonical map ofF n and φ is the rational map defined by the sections in S b+dn (Γ, det). Furthermore, if the period map P is birational and Γ does not contain −id, (3.1) is an isomorphism.
Proof. Let M ′ = P(M) ⊂ Γ\D and D ′ ⊂ D be the inverse image of M ′ . Shrinking M as necessary, we may assume that both M → M ′ and D ′ → M ′ are unramified. We take the universal coverM → M of M and pullback the family: writeF = F × MM with the projection π :F →M. We obtain a liftP :M → D ′ ⊂ D of the period map P which is equivariant with respect to the monodromy representation π 1 (M) → Γ. Since P is unramified,P is unramified too. We first construct an injective map
where H 0 (F n , K F n ) means the space of holomorphic (rather than regular) canonical forms on F n . We have a natural O + (L R )-equivariant isomorphism K D ≃ L ⊗b ⊗ det of line bundles over D (see, e.g., [11] , [21] ), and hence a π 1 (M)-equivariant isomorphism
overM. Here π 1 (M) acts onP * L,P * det through the Γ-action on L, det and the monodromy representation π 1 (M) → Γ.
On the other hand, by the definition of the period map, we have a canonical isomorphism π * Ω 2 π ≃P * L sending a symplectic form to its cohomology class. Since π :F →M is a family of holomorphic symplectic manifolds, both π * Ω 2 π and π * K π are invertible sheaves, and the homomorphism (π * Ω 2 π ) ⊗d → π * K π defined by the wedge product is isomorphic. Therefore we have a natural isomorphism π * K π ≃P * L ⊗d . Since the natural homomorphism π * π * K π → K π is isomorphic, we find that K π ≃ π * P * L ⊗d . By construction this is π 1 (M)-equivariant. If we writeF n = F n × MM with the projection π n :F n →M, this shows that
Combining (3.4) and (3.5), we obtain a π 1 (M)-equivariant isomorphism
Hence pullback of the sections of L ⊗b+dn ⊗ det byP • π n defines a π 1 (M)equivariant injective map
Taking the invariant parts by Γ and π 1 (M) respectively, we obtain (3.3).
We prove that restriction of (3.3) gives the desired map (3.1). Let Φ be a Γ-invariant section of L ⊗b+dn ⊗ det over D ′ and ω ∈ H 0 (K F n ) be the image of Φ by (3.3). We shall show that 
for some constant C independent of ω and U. In what follows, C stands for any unspecified such a constant. Since U is small, we may decompose Φ as Φ = Φ 1 ⊗ Φ ⊗dn 2 with Φ 1 a local section of L ⊗b ⊗ det and Φ 2 a local section of L. Let ω 1 be the canonical form on U ≃P(U) corresponding to Φ 1 , and ω 2 be the relative symplectic form onF | U → U corresponding toP * Φ 2 . On the one hand, we have
(see, e.g., [21] §3.1). On the other hand, at each fiber X ofF | U , the pointwise Petersson norm (Φ 2 , Φ 2 ) 1 = (Φ 2 ,Φ 2 ) is nothing but the pairing q X (ω 2 ,ω 2 ) in the Beauville form for X. Since
where p i : X n → X is the i-th projection. The equalities (3.8) and (3.9) imply (3.7). Thus we obtain the map (3.1). Since this map is defined by pullback of sections of line bundle, the diagram (3.2) is commutative. Finally, when P is birational, we may assume as before that it is an open immersion. Since Γ does not contain −id, Γ acts on D effectively, and the monodromy group coincides with Γ. We can kill the monodromy by pulling back the family F → M to D ′ instead of toM. RewritingF n = F n × M D ′ , this shows that (3.6) is isomorphic. Taking the Γ-invariant part, we see that (3. 3) is isomorphic. Finally, taking the subspace of finite norm, we see that (3.1) is isomorphic. This completes the proof of Theorem 3.1. Proof. Since F n → F n−1 is a smooth family of holomorphic symplectic varieties, κ(F n ) is nondecreasing with respect to n by Iitaka's subadditivity conjecture known in this case [16] . We also have the bound κ(F n ) ≤ dim M = b by Iitaka's addition formula [12] .
We take a weight k 0 such that S k 0 (Γ, det) {0}. Then we take a weight k 1 such that k 1 ≡ b − k 0 mod d and that Γ\D PM k 1 (Γ) ∨ is generically finite onto its image. (When Γ contains −id, we must have k 0 ≡ b mod 2, so k 1 can be taken to be even.) Since In practice, one needs to identify Γ. For example, by [22] Remark 8.5 and [11] Remark 3.15, the monodromy group of a family of polarized symplectic manifolds of K3 [2] type with polarization vector h is contained iñ O + (h ⊥ ∩ L 2 ).
Fano varieties of cubic fourfolds
In this section we prove Theorem 1.1 for the case of Fano varieties of cubic fourfolds [3] . Let Y ⊂ P 5 be a smooth cubic fourfold. The Fano variety F(Y) ⊂ G(1, 5) of Y is the variety parametrizing lines on Y, which is smooth of dimension 4. Beauville-Donagi [3] proved that F(Y) is a holomorphic symplectic manifold of K3 [2] type polarized by the Plücker, and its polarized Beauville lattice is isometric to L cub = 2U ⊕ 2E 8 ⊕ A 2 . In fact, it is isomorphic to the primitive part of H 4 (Y, Z) as polarized Hodge structures, where the intersection form on H 4 (Y, Z) is (−1)-scaled.
Let |O P 5 (3)| sm ⊂ |O P 5 (3)| be the parameter space of smooth cubic fourfolds. By GIT ( [24] ), the geometric quotient C = |O P 5 (3)| sm /PGL 6 exists as an affine variety of dimension 20. Let Γ =Õ + (L cub ). The period map C → Γ\D is an open immersion by Voisin [27] , and the complement of its image was determined by Looijenga [19] and Laza [17] . Lemma 4.1 (cf. [17] ). The cusp form Φ 12 | L cub has weight 48. Moreover, S 66 (Γ, det) and S 68 (Γ, det) have dimension ≥ 2.
Proof. Write L = L cub . The weight of Φ 12 | L is computed in [17] . (A ⊥ 2 ≃ E 6 has 72 roots.) We have dim M k (ρ L ) = [(k + 3)/6] by computing the formula in [6] . Product of Φ 12 | L with the Gritsenko lift of M 9 (ρ L ) and M 11 (ρ L ) proves the second assertion.
We consider the parameter space of smooth cubic fourfolds with n marked lines:
and let F n = F n /PGL 6 . Then F n is smooth over the open locus of C where cubic fourfolds has no nontrivial stabilizer. By Lemma 4.1, with 48 = 20 + 2 · 14 and 66 = 20 + 2 · 23, we see that F 14 has positive geometric genus and κ(F 23 ) > 0. (Cusp forms of weight 68 will be used in §6.) It remains to prove that F 13 is unirational. We prove
Proof. Consider the second projection π : F 13 → G(1, 5) 13 . If (l 1 , · · · , l 13 ) ∈ π(F 13 ), the fiber π −1 (l 1 , · · · , l 13 ) is a non-empty open set of the linear system PV(l 1 , · · · , l 13 ) := P Ker(H 0 (O P 5 (3)) → ⊕ 13 i=1 H 0 (O l i (3))). This shows that F 13 is birationally a P N -bundle over π(F 13 ) with
Hence we are reduced to the following assertion. Assume to the contrary that π was not dominant. Then we have dim V(l 1 , · · · , l 13 ) ≥ 5 for a general point (l 1 , · · · , l 13 ) of π(F 13 ). Consider the similar projection π ′ : F 14 → G(1, 5) 14 in n = 14. For a point (l 1 , · · · , l 14 ) of π ′ (F 14 ), we have
where ρ is the restriction map. But since F 14 = F 14 /PGL 6 cannot be uniruled as just proved, we must have dim V(l 1 , · · · , l 14 ) = 1 for general (l 1 , · · · , l 14 ) ∈ π ′ (F 14 ). Hence for general (l 1 , · · · , l 13 ) ∈ π(F 13 ), we have dim V(l 1 , · · · , l 13 ) = 5, ρ is surjective, and π(F 13 ) is of codimension 1 in G(1, 5) 13 .
The last property implies that the similar projection π ′′ : F 12 → G(1, 5) 12 in n = 12 must be dominant, because otherwise π(F 13 ) would be dense in the inverse image of π ′′ (F 12 ) ⊂ G(1, 5) 12 by the projection G(1, 5) 13 → G(1, 5) 12 , which contradicts the S 13 -invariance of π(F 13 ). This in turn shows that dim V(l 1 , · · · , l 12 ) = dim F 12 − dim G(1, 5) 12 + 1 = 8 for a general point (l 1 , · · · , l 12 ) of G(1, 5) 12 . However, since V(l 1 , · · · , l 13 ) → H 0 (O l 14 (3) ) is surjective, V(l 1 , · · · , l 12 ) → H 0 (O l 14 (3) ) is surjective too. Hence dim V(l 1 , · · · , l 12 , l 14 ) = 4. But since (l 1 , · · · , l 12 , l 14 ) is a general point of π(F 13 ), this is absurd. This proves Claim 4.3 and so finishes the proof of Proposition 4.2.
Remark 4.4. In the analogous case of K3 surfaces of genus g ( [21] ), when 3 ≤ g ≤ 10, the weight of the quasi-pullback Φ K3,g of Φ 12 coincided with
for a representation space V g attached to the projective model of the K3 surfaces. Here, for Φ K3,2 and Φ cubic = Φ 12 | L cub , the "switched" equalities
hold. Is this accidental?
Debarre-Voisin fourfolds
In this section we prove Theorem 1.1 for the case of Debarre-Voisin fourfolds [8] . Let E be the dual of the rank 6 universal sub vector bundle over the Grassmannian G (6, 10) . H 0 ( 3 E) is naturally isomorphic to 3 (C 10 ) ∨ . Debarre-Voisin [8] proved that the zero locus X σ ⊂ G(6, 10) of a general section σ of 3 E is a holomorphic symplectic manifold of K3 [2] type, and the polarization given by the Plücker has Beauville norm 22 and is of nonsplit type. The polarized Beauville lattice is hence isometric to
Let Γ =Õ + (L DV ). (1, −1 , 0, · · · , 0), v 2 → (0, 1, 1, 2, 0, · · · , 0).
The roots of E 8 orthogonal to these two vectors are δ ±i,± j with i, j ≥ 5 and ±δ ′ S with 1, 2, 3 ∈ S and 4 S . The total number is 24 + 16 = 40. Hence the weight of Φ 12 | L DV is 12 + 20 = 32. Working out the formula in [6] , we also see that dim M k (ρ L DV ) = (k − 1)/2. Taking product of Φ 12 | L DV with the Gritsenko lift of M 5 (ρ L DV ), we obtain the last assertion.
Let U be the open locus of P( 3 C 10 ) ∨ where X σ is smooth of dimension 4 and [σ] is PGL 10 -stable with no nontrivial stabilizer. The period map U/PGL 10 → Γ\D is generically finite and dominant ( [8] ). Consider the incidence
and let F n = F n /PGL 10 . By Lemma 5.1, with 32 = 20 + 2 · 6 and 46 = 20 + 2 · 13, we see that F 6 has positive geometric genus and κ(F 13 ) > 0. It remains to show that F 5 is unirational. We prove
Proof. Consider the second projection π : F n → G(6, 10) n . The fiber π −1 (p 1 , · · · , p n ) over (p 1 , · · · , p n ) ∈ π(F n ) is a non-empty open set of the linear system PV(p 1 , · · · , p n ) ⊂ PH 0 ( 3 E) of sections vanishing at p 1 , · · · , p n . When n = 5, we have dim V(p 1 , · · · , p 5 ) ≥ h 0 (∧ 3 E) − 5 · rk(∧ 3 E) = 20, so F 5 → π(F 5 ) is birationally a P N -bundle with N ≥ 19. Furthermore, by the same argument as Claim 4.3, we find that F 5 → G(6, 10) 5 is dominant. Therefore F 5 is rational.
Lehn-Lehn-Sorger-van Straten eightfolds
In this section we prove Theorem 1.1 for the case of Lehn-Lehn-Sorgervan Straten eightfolds [18] . Let Y ⊂ P 5 be a smooth cubic fourfold which does not contain a plane. The space M gtc (Y) of generalized twisted cubics on Y is defined as the closure of the locus of twisted cubics on Y in the Hilbert scheme Hilb 3m+1 (Y). By Lehn-Lehn-Sorger-van Straten [18] , M gtc (Y) is smooth and irreducible of dimension 10, and there exists a natural contraction M gtc (Y) → X(Y) to a holomorphic symplectic manifold X(Y) with general fibers P 2 . The variety X(Y) is of K3 [4] type ( [1] ) and has a polarization of Beauville norm 2 and non-split type (see [7] footnote 22). Hence its polarized Beauville lattice is isometric to L cub = 2U ⊕ 2E 8 ⊕ A 2 in §4, and we can reuse Let H = Hilb gtc (P 5 ) be the irreducible component of the Hilbert scheme Hilb 3m+1 (P 5 ) that contains the locus of twisted cubics in P 5 . Then H is smooth of dimension 20 (cf. [18] ). Let U ⊂ |O P 5 (3)| be the parameter space of smooth cubic fourfolds which does not contain a plane and has no nontrivial stabilizer in PGL 6 . The period map U/PGL 6 → Γ\D, Γ = O + (L cub ), is generically finite and dominant. We consider the incidence
As noticed in [18] , the construction of X(Y) can be done in families. This produces a smooth family X → U of symplectic eightfolds and a contraction M gtc 1 → X over U with general fibers P 2 . Taking the n-fold fiber product X n = X × U · · · × U X, we obtain a morphism M gtc n → X n over U with general fibers (P 2 ) n . Let F n = X n /PGL 6 . By Lemma 4.1, now with 48 = 20 + 4 · 7 and 68 = 20 + 4 · 12 (d = 4 in place of d = 2) and with Γ = O + (L cub ) in place ofÕ + (L cub ), we see that F 7 has positive geometric genus and κ(F 12 ) > 0. It remains to show that F 5 is unirational. It suffices to prove Proposition 6.1. M gtc 5 is unirational. Proof. We enlarge M gtc n to the complete incidence over |O P 5 (3)|:
The fiber of the projection π : (M gtc n ) * → H n over (C 1 , · · · , C n ) ∈ H n is the linear system PV(C 1 , · · · , C n ) ⊂ |O P 5 (3)| of cubics containing C 1 , · · · , C n . When n = 5, we have dim V(C 1 , · · · , C 5 ) ≥ 6 for any (C 1 , · · · , C 5 ) ∈ H 5 , so π is surjective, and there is a unique irreducible component of (M gtc 5 ) * of dimension ≥ 105 that dominates H 5 . On the other hand, M gtc 5 is an open set of the unique irreducible component of (M gtc 5 ) * of dimension 105 that dominates |O P 5 (3)|. We want to show that these two irreducible components coincide: then M gtc 5 → H 5 is dominant, so M gtc 5 is birationally a P 5 -bundle over H 5 and hence unirational.
Let (C 1 , · · · , C 5 ) be a general point of H 5 . Each C i is smooth and spans a 3-plane P i ⊂ P 5 , P i ∩ P j is a line, and C i ∩ P j = ∅. Let (Y, C 1 , · · · , C 5 ) be a general point of π −1 (C 1 , · · · , C 5 ) = PV(C 1 , · · · , C 5 ). It suffices to show that generalization of (Y, C 1 , · · · , C 5 ), i.e., small perturbation inside (M gtc 5 ) * , contains (Y ′ , C ′ 1 , · · · , C ′ 5 ) with Y ′ ∈ U. By genericity we may assume that Y is irreducible. By [18] §2, S i = Y ∩ P i is either (A) a cubic surface at most ADE singularities or (B) a reducible cubic surface or (C) S i = P i . We may assume that at least one, say S 1 , is of type (A): otherwise the locus of (Y, C 1 , · · · , C 5 ) would have smaller dimension than 105 which contradicts the genericity. Now (C 2 , · · · , C 5 ) is a general point of H 4 . The projection M gtc 4 → H 4 is dominant as can be checked similarly in an inductive way. Therefore there exists a cubic fourfold Y ′′ ∈ U containing C 2 , · · · , C 5 . Let Y ′ be a general member of the pencil Y, Y ′′ and S ′ = Y ′ ∩ P 1 . Then Y ′ ∈ U. Since both Y and Y ′′ contain C 2 , · · · , C 5 , Y ′ contains C 2 , · · · , C 5 too. In the fixed 3-plane P 1 , the cubic surface S ′ degenerates to the cubic surface S 1 with at most ADE singularities. By [18] Theorem 2.1, the nets of twisted cubics on cubic surfaces degenerate flatly in such a family. Therefore we have a twisted cubic C ′ ⊂ S ′ specializing to C 1 ⊂ S 1 . Therefore (Y ′ , C ′ , C 2 , · · · , C 5 ) specializes to (Y, C 1 , C 2 , · · · , C 5 ).
Varieties of power sums of cubic fourfolds
In this section we prove Theorem 1.1 for the case of Iliev-Ranestad fourfolds [14] . Let H be the irreducible component of the Hilbert scheme Hilb 10 |O P 5 (1)| of length 10 subschemes of |O P 5 (1)| that contains the locus of 10 distinct points. For a cubic fourfold Y ⊂ P 5 with defining equation f ∈ H 0 (O P 5 (3)), its variety of 10 sums of powers VS P(Y) = VS P(Y, 10) is defined as the closure in H of the locus of ([l 1 ], · · · , [l 10 ]) such that f = i λ i l 3 i for some λ i ∈ C. Iliev-Ranestad [14] , [15] proved that when Y is general, VS P(Y) is a holomorphic symplectic manifold of K3 [2] type, with polarization of Beauville norm 38 and non-split type. (See also [25] for the computation of polarization.) Hence its polarized Beauville lattice is isometric to
Let Γ =Õ + (L IR ). Proof. Let v 1 , v 2 be the basis of K in the above expression. We embed K ֒→ E 8 by sending, in the model (2.4) of E 8 , v 1 → (1, −1, 0, · · · , 0), v 2 → (0, 1, 3, 0, · · · , 0).
The roots of E 8 orthogonal to these two vectors are δ ±i,± j with i, j ≥ 4, whose number is 2 · 5 · 4 = 40. Hence Φ 12 | L IR has weight 12 + 20 = 32. Furthermore, computing the formula in [6] , we see that dim 
and let F n = VS P n /PGL 6 . By Lemma 7.1, with 32 = 20 + 2 · 6 and 44 = 20 + 2 · 12, we see that F 6 has positive geometric genus and κ(F 12 ) > 0. On the other hand, as observed in [14] , VS P 1 is birationally a P 9 -bundle over H and hence rational. Therefore F 1 is unirational. This proves Theorem 1.1 in the present case.
Remark 7.2. There also exist embeddings K ֒→ E 8 with r(K ⊥ ) = 30 (send v 2 to (0, 1, 1, 2, 2, 0, 0, 0) or to (0, 1, 1, 1, 1, 1, 1, 2) ), but the resulting cusp form has weight 27, which is not of the form 20 + 2n. This, however, suggests that κ ≥ 0 would actually start at least from n = 4.
Double EPW cubes
In this section we prove Theorem 1.1 for the case of double EPW cubes due to Iliev-Kapustka-Kapustka-Ranestad [13] . We first recall the construction of [13] . Let LG = LG( 3 C 6 ) be the Lagrangian Grassmannian of 3 C 6 which is equipped with the canonical symplectic form 3 
. In that case, D A 2 is a sixfold singular only along D A 3 , D A 3 is a smooth threefold, and the singularities of D A 2 is a transversal family of the branched along E and contract the P 2 -ruling of the ramification divisor by using pullback of some multiple of O D A 2 (1). This produces a holomorphic symplectic manifold Y A of K3 [3] type ([13] Theorem 1.1).
The polarization has norm 4 and divisibility 2. By [10] , the polarized Beauville lattice is isometric to L EPW = 2U ⊕ 2E 8 ⊕ 2A 1 . By [22] , [11] , the monodromy group is O + (L EPW ). The quotient O + (L EPW )/Õ + (L EPW ) is S 2 generated by the switch of the two copies of A 1 , say ι ∈ O + (L EPW ). The construction of cusp forms becomes more delicate than the previous cases, as the quasi-pullback of Φ 12 is anti-invariant under ι. Proof. We abbreviate L = L EPW . We first verify that Φ 12 | L is ι-anti-invariant, where we embed 2A 1 in E 8 in any natural way. We have (2A 1 ) ⊥ ≃ D 6 , which has 60 roots, so Φ 12 | L has weight 42. Let ι ′ be the involution of D 6 induced by the automorphism of its Dynkin diagram. Then ι ⊕ ι ′ extends to an involutionι of II 2, 26 . The modular form Φ 12 isι-invariant. If we run δ over the positive roots of D 6 , the product δ (δ, ·) is alsoι-invariant because ι ′ permutes the positive roots of D 6 . Therefore Φ 12 / δ (δ, ·) over D II 2,26 is ι-invariant. Since det(ι) = 1 while det(ι) = −1, this shows that Φ 12 | L as a section of L ⊗42 ⊗ det is anti-invariant under ι.
In order to construct ι-invariant cusp forms of character det, we take product of Φ 12 | L and the Gritsenko lift of the ι-anti-invariant part of M k (ρ L ). By calculating the formulae in [6] and [20] , we see that dim M k (ρ L ) = [k/3] and dim M k (ρ L ) ι = [(k + 2)/4] for k > 2 odd. We also need the congruence condition 42 + k + 9 ≡ 20 mod 3, namely k ≡ 2 mod 3. Now, when k = 17 (resp. k = 29), the ι-anti-invariant part has dimension 1 (resp. 2). This proves our claim.
We can do the double cover construction over a Zariski open set of the moduli space. Let LG • ⊂
LG be the open set of generic [A] which is PGL 6stable and has no nontrivial stabilizer. Let D 2 ⊂ LG • × G (3, 6) be the tautological family of D A 2 's. We have the geometric quotients M = LG • /PGL 6 , Z = D 2 /PGL 6 with projection Z → M. The relative O(2) descends. Let Z → Z be the blow-up at Sing(Z) and π :Z → M be the projection. The exceptional divisor B is linearly equivalent to 2K π + π * D for some divisor D on M. Writing M ′ ⊂ M for the complement of the support of D, we have B| M ′ ∼ 2K π , so we can take the double cover ofZ| M ′ branched along B| M ′ . Contracting the ramification divisor relatively by using pullback of a multiple of the relative O(2), we obtain a universal family F → M ′ of double EPW cubes over M ′ . Then let F n = F × M ′ · · ·× M ′ F (n times). Note that this is not a moduli space even birationally, as it is not mod out by the covering transformation.
The period map M → Γ\D is generically finite and dominant ( [13] ). By Lemma 8.1, with 68 = 20 + 3 · 16 and 80 = 20 + 3 · 20, we see that F 16 has positive geometric genus and κ(F 20 ) > 0. This proves Theorem 1.1 in the case of double EPW cubes. Remark 8.2. (1) Although Φ 12 | L EPW itself could not be used, it nevertheless suggests that κ ≥ 0 would actually start at least from n = 8.
(2) O'Grady's double EPW sextics ( [26] ) also have L EPW as the polarized Beauville lattice. Hence, if we had a universal family of them, κ ≥ 0 would start at least from n = 11.
